ABSTRACT: The class of electrochemical oscillators characterized by a partially hidden negative differential resistance in an N-shaped current−potential curve encompasses a myriad of experimental examples. We present a comprehensive methodological analysis of the oscillation frequency of this class of systems and discuss its dependence on electrical and kinetic parameters. The analysis is developed from a skeleton ordinary differential equation model, and an equation for the oscillation frequency is obtained. Simulations are carried out for a model system, namely, the nickel electrodissolution, and the numerical results are confirmed by experimental data on this system. In addition, the treatment is further applied to the electro-oxidation of ethylene glycol where unusually large oscillation frequencies have been reported. Despite the distinct chemistry underlying the oscillatory dynamics of these systems, a very good agreement between experiments and theoretical predictions is observed. The application of the developed theory is suggested as an important step for primary kinetic characterization.
INTRODUCTION
The quantitative description of nonlinear phenomena such as bistability and oscillations has challenged the applications of classical kinetic approaches of chemical reacting systems. 1 Oscillations and bistabilities usually arise through bifurcations at critical values of system's parameters. At the bifurcation point, the underlying nonlinear ordinary differential equations governing the system must have appropriate values of determinant/trace of the Jacobian matrix. 2 The Jacobian matrix (and its parameter dependence) carries important kinetic information; 3, 4 methods have been developed to extract this matrix through comprehensive experiments 5, 6 using pulse perturbations, concentration shift experiments, and delay feedback methods and with carefully designed closed-loop control. Nonlinear phenomena carry information about the Jacobian matrix that could be used to gain insight about the mechanism of the reaction; 7 mechanistic insights have been obtained in the chlorite−iodide reaction, 8, 9 Belousov−Zhabotinksy reaction, 10, 11 and peroxidase−oxidase reaction. 12, 13 In the heterogeneous CO oxidation reaction, the parameter dependence of bistability was used to obtain information on the rate constant in a relatively simple manner. 14 In electrochemical systems, a very large number of oscillatory reactions has been identified and categorized. 15−19 Positive "autocatalytic" feedback is often provided by a simple chemical inhibition process that produces negative differential resistance (NDR) in the current vs potential polarization curves. 17 NDR with some other conditions that are often satisfied by sufficient ohmic potential drop in the electrolyte and slow mass transfer can produce oscillatory instabilities that often arise through Hopf bifurcations. 16, 17 When the oscillations arise through Hopf bifurcation, the trace of the underlying Jacobian matrix is zero and the determinant determines the frequency of the oscillations.
2 Therefore, the possibility arises for characterization of the underlying Jacobian matrix by measurement of the oscillation frequency (or period) at the bifurcation point. 5 It has been shown that for simple electrochemical systems the frequency is closely related to the electrical (double layer charging), chemical, and diffusional time scales: an upper bound can be given by the geometric mean of the inverse chemical and electrical time scales. 20 Therefore, parameter dependence of the frequency at the bifurcation point can give mechanistic information on the parameter dependence of these time scales.
In simple NDR systems, frequency relationships and dependence of oscillations on resistance, temperature, and rotation rate have been well characterized. 20−22 However, in many more complex electrochemical reactions with a multistep reaction mechanism, the NDR is hidden: there exists a slow charge transfer reaction (with positive slope in the current vs potential curve) that hinders the negative slope in the oscillatory region (HN-NDR systems). 16, 17, 23 These oscillations also occur at the limit of infinite cell resistance where the electrical time-scale goes to infinity; consequently, interpretation of the finite oscillation frequency is quite a challenge in HN-NDR systems. Previous study was limited to investigation of low values of resistance where the behavior was similar to N-NDR systems. 20 In this paper, we carry out a methodological analysis for the dependence of the oscillation frequency of hidden-negative differential resistance electrochemical systems on kinetic parameters. The application of limits of previous frequency theory 20 is clarified for HN-NDR systems in a skeleton ordinary differential equation model, 16 and an equation for the frequency of the oscillations is obtained. Numerical simulations are carried out with an actual HN-NDR model for Ni electrodissolution 24 to confirm the validity of the obtained frequency formula by showing that the investigation of the effect of cell resistance on frequency at the onset of oscillations through Hopf bifurcation could be an important tool for primary kinetic treatment. The theory is first confirmed with experimental data in Ni electrodissolution to test that the frequency can be approximated from simple measurement of slopes of polarization curves. Then, the theory is applied to the electro-oxidation of ethylene glycol where unusually large oscillation frequencies have been previously reported. 25, 26 2. EXPERIMENTAL AND NUMERICAL METHODS 2.1. Experiments with Ni Electrodissolution. The experiments were carried out in a standard three-electrode electrochemical cell. A 1 mm diameter stagnant Ni disk embedded in epoxy was used as a working electrode in 3 mol L −1 sulfuric acid at 10°C. The circuit potential was set, and the current of the electrode was measured (sampling frequency: 200 Hz) with a potentiostat (ACM Instruments, Gill AC). The working electrode was connected to the potentiostat through an external resistance R ext which can be taken as the total resistance R of the cell because the uncompensated series resistance measured with impedance spectroscopy (∼1 Ω) is negligible compared to the attached external resistors (600 Ω− 6 kΩ). Additional experimental procedures (e.g., electrode pretreatments and polarization curves) are described in previous publications. 20, 27 All potentials are referred to the reversible hydrogen electrode (RHE).
2.2. Experiments with Ethylene Glycol ElectroOxidation. The working electrode in these experiments was a platinum band with a geometric area of 0.28 cm 2 cleaned by flaming annealing process. The counter electrode was a platinum band with very high area. All potentials were measured and are quoted with respect to the reversible hydrogen electrode (RHE) made with the same solution of supporting electrolyte (1 mol L −1 KOH, Sigma-Aldrich 99.99%). The temperature was fixed at 20°C. Further experimental details can be found elsewhere. 26 The solution resistance, measured by electrochemical impedance spectroscopy, was 2 Ω. The external resistance, connected in series between the working electrode and the potentiostat, was varied in the range between 10 Ω and 3 kΩ. The electrode potential E was calculated by subtracting the ohmic drop from the applied voltage V: E = V − IR total , where R total is the sum of solution and electrolyte resistances.
2.3. Numerical Methods. The ordinary differential equations were solved numerically with the XPPAUT program package 28 applying a Gear method with an absolute error tolerance of 10
3. RESULTS 3.1. Theory. To obtain a relationship for the dependence of frequency of HN-NDR systems on parameters, we consider a general skeleton model
where F is the the Faraday constant, n is the number of electrons in the charge transfer reactions, V and E are the circuit and electrode potentials, respectively, A and C d are the surface area and capacitance of the electrode, and R is the total uncompensated cell resistance (sum of external resistance and solution resistance). θ and θ 0 (E) are the coverage of some inhibiting species and its potential dependent equilibrium value, respectively, k(E) is the rate coefficient for the slow hindering reaction, and k p is the rate constant for the relaxation of θ to its equilibrium value. The experimentally observable quantity in the reaction is the current given by
The ordinary differential equation system can produce oscillations through Hopf bifurcation. 16 At the bifurcation point, the oscillations arise with zero amplitude; the corresponding values of the system variables at the bifurcation points are further called here as the Hopf potential (E Hopf ) and coverage (θ Hopf ).
The frequency of the oscillations at the supercritical Hopf bifurcation point can be obtained as the square root of the determinant of the Jacobian matrix. 2 The determinant of the Jacobian (det(J)) of eqs 1a and 1b at the Hopf potential and coverage is as follows:
The second term on the rhs of eq 3 can be further simplified by considering that at a general stationary state E ss and θ ss the stationary current density j ss equals the Faradaic current density:
Moreover, we can see from eq 1b that in the stationary state θ ss = θ 0 (E ss ); therefore, the current density is
ss ss 0 ss
The derivative of the stationary current density with respect to the electrode potential is Note that taking E ss = E Hopf in eq 6 we can recognize the second term in eq 3. Therefore, the determinant can be written in a simplified form as
which can be written in a simpler form with i ss = j ss A
Finally, the frequency obtained from the square root of the determinant, in Hz, reads
(Note that in order to obtain the oscillation frequency in Hz all parameters in the equation should be expressed in SI units.) For practical applications of eq 8, the slope of the quasistationary polarization curve (di/dE) needs to be determined at the Hopf potentials; in addition, because the derivative is required with respect to electrode potential and not the circuit potential, the experiment for the slopes should be carried out in (nearly) strictly potentiostatic mode when R ≈ 0. Equation 8 shows that for oscillations at small resistance (1/ R ≫ di/dE) the frequency decreases with the square root of R. In contrast, in the limit of large resistance, the frequency of oscillations reaches a limiting value of
This equation allows interpretation of limiting frequency in terms of rate constant, double layer capacitance, and slope of the polarization curves. A convenient confirmation of eq 8 consist of measurement of the frequency and Hopf potential at different resistances just above a bifurcation point and subsequent determination of the slope of the polarization curve di/dE obtained at zero cell resistance (R = 0) at the corresponding Hopf potentials. Finally, because
a plot of ω 2 vs (1/R + di/dE) should give a straight line that starts from the origin. We shall test these procedures in a numerical model and experiments with Ni electrodissolution and ethylene glycol oxidation.
3.2. Numerical Simulations. For testing the predictive power of eq 10 for the description of frequency in an HN-NDR system, we consider an HN-NDR model of Ni electrodissolution derived by Haim et al. 
where e, v, and r are dimensionless quantities that correspond to the electrode potential (E), circuit potential (V), and cell resistance (R), respectively; θ is the surface coverage of the sum of NiO and NiOH species. The current with these dimensionless variables is obtained as i = (v − e)/r. Equations 11a and 11b show that realistic HN-NDR models could possess a more complicated form than that of the prototype eqs 1a and 1b and thus the Ni dissolution model could test the applicability of the frequency equation in a more realistic setting. Numerical simulations have been carried with resistance r in the range 5−1000. At each resistance value, the (lower) Hopf bifurcation point was determined by varying the circuit potential parameter; just above the bifurcation point, the frequency and the Hopf potential (taken as the mean value of the oscillatory electrode potential) were calculated. The frequency as a function of the resistance is shown in Figure  1a . With increasing resistance from r = 5 to 20, the frequency quickly drops from a value of about 0.092 to 0.078; for r > 20, the frequency reaches a limiting value of about 0.072. Using the polarization curve (at basically quasistationary scan rate at very small resistance r = 0.01 in Figure 1b) , we determined the slope at the Hopf potentials at the resistance value; these slopes as a function of resistance (see Figure 1c ) exhibit a similar trend as the frequency variation (Figure 1a ). The frequency relationship in eq 10 is tested in Figure 1d ; the squared frequency depends linearly on the 1/r + di/de quantity with a very small intercept of 0.9 × 10 −3 . The results thus indicate that the HN-NDR Ni electrodissolution model does approximately follow the theoretical prediction (eq 10) with nonidealities expressed in a small nonzero intercept.
3.3. Experiments with Ni Electrodissolution. The frequency of current oscillations has been determined 20 as a function of the external resistance in the range 600−6000 Ω at circuit potentials just above the Hopf bifurcation. The frequency decreases with increase in external resistance (see Figure 2a ) and reaches a limiting value of about 0.25 Hz at large resistances. The slopes (di/dE) of the nearly potentiostatic polarization curve in Figure 2b at the Hopf potentials have also been determined; the slopes exhibit a similar general trend to those of the frequency variations (e.g., compare parts a and b of Figure 2 ). Note that the similarity of these variations seemed to be prevalent in both numerical simulations and the experiments. As shown in Figure 2d , the square of the frequency varies linearly with the 1/R + di/dE quantity with a small intercept of −0.04 Hz 2 . Therefore, the experimental results with Ni electrodissolution confirm the theoretical predictions of the theoretical frequency relationship (eq 10).
3.4. Experiments with Ethylene Glycol ElectroOxidation. In order to further check the validity of our description, we present in the following results for the electrooxidation of ethylene glycol on a polycrystalline platinum electrode and in alkaline media. In spite of the completely different chemistry involved, this system falls in the class of HN-NDR electrochemical oscillators, 26 as the nickel system does. Besides the already mentioned considerably high oscillation frequencies, 25, 26 the electro-oxidation of ethylene glycol is an important system because it has been considered an attractive anode reaction for low temperature fuel cells. amounting to more than 30 mA cm −2 was reached at ca. 0.80 V. When an external resistance was inserted, a potential shift to higher values was observed, and the birth of current oscillations was located at potentials around the current peak. As pointed out before, there is a minimum value of resistance in which oscillations can develop; in the present case, the total series resistance of 12 Ω is sufficient to cause oscillations. Figure 3b accounts for the data presented in part a but with the reaction current given as a function of the double layer potential. In this representation, the peak potential becomes very similar in all cases and the birth of current oscillations clearly observed. After the main peak, the current suddenly drops as a result of a saddle-loop bifurcation when the surface becomes covered by platinum oxides and thus inactive toward EG electro-oxidation. As the resistance increases, the peak current also decreases and the whole curve becomes similar to the profile observed during the galvanodynamic sweep.
The time evolution of potential oscillations was analyzed at voltage values around the current maxima at the onset of oscillations, as depicted in Figure 3 . The time-series presented in Figure 4 accounts for the corrected potential, E, obtained after subtraction of the ohmic drop. The region shown corresponds to the oscillation onset where small amplitude, harmonic-like current waveform prevails. Surface transformations induce slow parameter changes, and spontaneous transitions among different oscillatory states might emerge. 26, 31 The main feature to be stressed in these time-series consists of the considerably high oscillation frequency. The oscillation frequency of 41 ± 2 Hz (at 0.925 V and 12 Ω for the first second after the Hopf bifurcation) observed here is considerably faster than that previously reported for this system (ca. 20 Hz, see refs 25 and 26). As the resistance increases, the oscillation frequency decreases toward the limit value of about 12 ± 2 Hz in galvanostatic mode, as predicted by eq 9. The oscillations depicted here are, at least, 10 times faster than that commonly found for the comparable systems, i.e., the electro-oxidation of small organic molecules. 26,32−42 We have previously discussed some mechanistic aspects that might play a role on the occurrence of such high oscillation frequency; 26 in the light of the present description, we now understand the interplay between electrical and chemical parameters which are connected to the oscillation frequency.
Appling now the same procedure adopted above for nickel dissolution, Figure 5a shows the decrease of the oscillation frequency with the increase of external resistance; in Figure 5b , the square root of the frequencies is plotted against the inverse of the sum of the external and differential resistances as was described above. The correspondence between experiments and theoretical prediction reveals a very good agreement.
Besides explaining the relationship between the oscillatory frequency and the series resistance, the theoretical description developed here further allows the calculation of an apparent poisoning constant k p . Indeed, fitting the points according to eq 8, the linear coefficient is k p /C d 4π 2 . The value of C d can be estimated by the AC experiments, 43 for the system has a value of 40.9 μF cm −2 giving a k p value of about 10 s
. It is illustrative to compare this value with rate constants for poisoning processes in similar systems using conventional, close to equilibrium, procedures. Housmans and Koper 44 calculated the value of k p as a function of the electrode potential for the electro-oxidation of methanol in acid media. The authors found maxima values of k p around 0.8 s −1 at about 0.65 V, and it decreases with the density of steps on the surface. Grozovski et al. 45 estimated k p = 40 s −1 for the electro-oxidation of formic acid on single crystalline platinum surfaces. For all investigated surfaces, k p strongly decreases when the applied potential increases above 0.70 V. There is unfortunately no available data for the k p values for EG electro-oxidation, probably due to the difficulty in drawing an oxidation mechanism, which is a fundamental step to obtain a rate equation for fitting the current decays. The procedure adopted here provides a means of primary kinetic treatment without prior knowledge of mechanistic details, and it can be extended to other similar reactions. 46 
CONCLUDING REMARKS
In conclusion, we have presented in this paper a description of the oscillation frequency in terms of experimental parameters of electrochemical oscillators that have a partially hidden negative differential resistance in an N-shaped current−potential curve. Following our analysis, the oscillation frequency is described by the double layer capacitance, the slope of the polarization curve near the potential of the bifurcation point, the total resistance, and the chemical rate constant. The discussion is based on the analytical description, numerical simulations, and two completely different experimental examples, namely, the electrodissolution of nickel and the electro-oxidation of ethylene glycol on platinum in alkaline media. A very good agreement between theory and experiments was observed in spite of the disparate nature of the two systems. Focusing specifically on the case of electro-oxidation of EG, oscillation frequencies as high as 40 Hz were observed. The intrinsically high oscillation frequency has been previously discussed in terms of the chemistry involved, the application of the present theoretical description the interplay between electrical and chemical parameters becomes evident.
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